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In recent years considerable interest has been evinced 
in the problem of the structure of topological semigroups. 
In the theory of groups, the study of the character groups 
and the group algebra of a locally compact commutative 
topological group has contributed much to the knowledge of 
the structure of such groups. This thesis deals mainly 
with compact commutative topological semigroups and 
attempts to extend the theory of characters and algebras 
to these semigroups.
It is well known that a commutative semigroup with 
cancellation can be embedded in a group. The first section 
of this paper is concerned with the embedding of a commuta­
tive topological semigroup in a topological group. The 
construction of the group in which a commutative topo­
logical semigroup is embeddable gives rise to a natural 
topology on this group. Conditions that the group, with 
this natural topology, be a topological group are given. 
These conditions can be algebraic or topological. Once the 
group is a topological group, conditions that the embedding 
be a homeomorphic mapping onto its image, with the relative 
topology from the group, are studied. The remainder of the
iv
Vfirst section concerns a metrization theorem for commuta­
tive topological semigroups and an extension of the theorem 
from groups which states that continuous homomorphisms are 
open mappings under suitable topological conditions.
The second section is on the character semigroup 
(continuous complex valued homomorphisms) of compact topo­
logical semigroups. A general homomorphism extension 
theorem is proved first. This theorem is used to prove part 
of an existence theorem for non trivial characters of com­
pact semigroups. The extension theorem is also used in the 
proofs of several homomorphism and isomorphism theorems 
similar to the theorems for groups and their character 
groups. There are two natural topologies for the character 
semigroup. Topological properties of the character semi­
group then determine algebraic properties of the original 
semigroup. The question, when is the character semigroup 
a family of functions separating the points of the semi­
group, is studied and relations between this question and 
semigroups that are embeddable in topological groups are 
considered. In this maimer some of the structure of commu­
tative topological semigroups can be seen. The last 
theorem concerns semigroups whose character semigroups 
separate points. It states that two semigroups are 
topologically and algebraically isomorphic if and only if 
their character semigroups are topologically and algebra­
ically isomorphic.
The last section contains the construction of two 
topological algebras (not necessarily different) for a com­
pact topological semigroup. These algebras depend on the 
extension of notions from the group algebra of a finite 
group. One of the algebras is a Banach algebra with a 
convolution multiplication, but does not give the analo­
gous results of the group algebras except in the case of 
finite semigroups. However, it is useful in determining 
some algebraic properties of the semigroup. The other 
algebra is a locally m-convex topological algebra and some 
results analogous to those in the theory of groups can be 
obtained. However, since this algebra is not a Banach 
algebra, the information on the topological structure of 
the space of continuous multiplicative linear functionals 
is scanty and difficult to use. A one to one correspondence 
is set up between the character semigroup (the semigroup of 
all bounded homomorphisms) of a compact semigroup and the 
continuous multiplicative linear functionals of the second 
(first) topological algebra constructed.
CHAPTER I
EMBEDDING TOPOLOGICAL SEMIGROUPS IN TOPOLOGICAL GROUPS
It is well known that a commutative semigroup with 
cancellation may he embedded in a group in a manner ana­
logous to the embedding of an integral domain in a field. 
However, Malcev [I]'*' has shown that a non commutative 
semigroup with cancellation is not necessarily embeddable 
in a group. He has given complicated necessary and suf­
ficient conditions for embedding such semigroups in 
groups in a second paper [23.
An outline of a process for the embedding of a commu­
tative semigroup with cancellation in a group will now be 
given. Let S be a commutative semigroup with cancellation. 
The cartesian product set S x S can be made into a commu­
tative semigroup with cancellation by defining the opera­
tions coordinate-wise. In S x S, define (a,b)R(c,d) if 
and only if ad  ^be. Then R is a congruence relation on 
S x S, and the symbol R will be used to denote this rela­
tion throughout this chapter. Let G be the collection of 
R equivalence classes; then G is a group and is called the 
group generated by S. Fix an element b in S and define
■^ Numbers in square brackets, [], refer to the 
references in the selected bibliography.
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2P:S — > G by P(s) is the equivalence class that contains 
the element (sb,b). Then P is a semigroup isomorphism of 
S into G. It should be noted that P is independent of the 
choice of b, since if d is any other element of S then 
sbd = bsd and (sb,b)R(sd,d); i.e., the elements of S 
uniquely determine equivalence classes.
In considering commutative semigroups with topo­
logies, there is a natural topology induced on the group 
G generated by S. However, this natural topology need not 
be Hausdorff. When the original topology on the semigroup 
is related to the algebraic structure, it is natural to 
ask if the induced topology on the group is related to 
the group structure and if the group operations are con­
tinuous with respect to the induced topology. These 
relations and their consequences will be discussed in this 
chapter. It should be observed that this subject has been 
investigated before [3, 4, 53*
Definition (1.1): The topological semigroup S is
embeddable in G, the group generated by S, if and only if 
G is a Hausdorff topological group and the function P is 
a homeomorphism onto P(S) with the relative topology from 
G.
In the construction of the group G, there is a natu­
ral mapping of S x S onto G. Let 7t:S x S — > G be the 
natural mapping which takes each point of S x S into the 
equivalence class containing the point. The induced
3topology on G- is obtained as ,a quotient topology [6] ; 
that is, A is open in G if and only if is open in
the product topology of S x S.
From now on the term semigroup will mean Hausdorff 
topological semigroup. The following definitions will 
be used in this section;
Definition (1.2); A semigroup S has property F at 
x s S if for y in an open set V of S, there is an open 
set U containing x such that xy e DCx'T/hx’ e U] and 
yx e lH[Vx' :x ‘ e U] .
The semigroup S has property F if S has property F 
at each x e S.
Definition (1.3): A semigroup S has property J if
for x,y e S, either x e Sy L/SyS UyS or y e SxUsxsUxS.
Definition (1.4); x e S is a continuous canceller 
if for Y, an open set containing y, there are open sets U 
containing x and W containing xy(yx) such that x’ s U, 
y* s S and x'y6 £ W(yJx5 e W) implies y* s V.
Cancellation is continuous in S, or S is a continuous 
cancellation semigi'oup, if each element of S is a continu­
ous canceller.
Definition (1.5): x e S is a continuous divisor if
for V open containing y, there are open sets U, containing 
x; W, containing xy(yx) , such that W c n[x'V;x' e U]
(Wc fl [Yx* :xf e U]).
Division is continuous in S if each element of S is
4a continuous divisor. Definitions (1.4) and (1.5) were 
made by J. S. L. Peck in his dissertation [4-]. Note that 
a continuous divisor is always a point at which S has 
property P.
The relation R is said to be open if n is an open 
mapping. It is known that the group generated by a commu­
tative semigroup with cancellation is a topological group 
if R is open [53. The proof of this fact is included for 
completeness as
Lemma (1.6): If S is a commutative semigroup with
cancellation and R is open, then the group G generated by 
S is a topological group.
Proof: Inversion is continuous in G if for V, any
—  1 ***! *-1 —1 open set in G, n~ (V~ ) is open in S x S. Now, n; (V )
=* T[tc~^ (V)3 , where T:S x S — > S x S is the mapping such
that T(a,b) = (b,a), a homeomorphism. Since k**^ (V) and
—1 —1 —1 —1 T[tc (V)3 are open, tt (V ) is open. Hence V is open
and inversion is continuous.
In order to show that multiplication is continuous in 
G, let x,y e G and V be open containing xy. If x = m(a»b) 
and y = 7c(c,d) then xy = n (ac,bd) and ) is open
containing (ac,bd). There are open sets A, B, C, and D 
of S such that AC x BD , a e A ,  b e B ,  c e C ,  and
d e D. Now A x B and C x D are open in S x S,
(a,b) e A x B, and (c,d) e C x D. Since it is an open 
mapping, tc(A x B) is open in G containing x and m(C x D)
5is open in G containing y. Multiplication is continuous 
in G since tc(A x B) tc(C x D) = m(AC x BD) cnTCC7c“”^ (V)].
Then G is a topological group.
The remainder of this chapter has four major parts.
In the first, relations "between the definitions and some 
consequences of the definitions will be proved. The 
second part is concerned with finding conditions such that 
the relation R will be open. Assuming R is an open rela­
tion, the third part concerns the topological embedding of 
a semigroup with cancellation in a topological group. A 
summary of the results is then given. In the last part, 
a metrization theorem for topological semigroups is proved. 
This section also contains a theorem that extends several 
theorems which state that a continuous homomorphism is an 
open mapping under suitable topological hypotheses.
A partial justification for the terminology of 
Definition (1.4) is the
Lemma (1.7)** If S i_s a semigroup with continuous 
cancellation then S ist a cancellation semigroup.
Proof: Let a,x,y e S such that ax = ay. It will be
shown that x = y. Por V open, containing y, there are 
open sets U and W such that a e U, ay e W, and if x* e U 
and y* e S with x'y' s W, then y* e V. Since a e U and 
ax = ay, ax e W ; hence x s V. It has been shown that 
every neighborhood of y contains x; y e IxJ = {x} so 
y = x by the Hausdorff property.
6Lemma (1.8): If S is a cancellation semigroup then
cancellation is continuous in S if division is continuous 
in S.
Proof: Let x,y and V open containing y he given.
Division is continuous in S implies there are open sets 
U and W with x e IT and xy e W such that fACx'V:x* e U],
If x' s U and y' e S such that x'y1 e W then there is a 
b e V such that x'y* => x'b. From the cancellation, 
y' =B h e V and cancellation is continuous.
Theorem (1.9): If S i_s a semigroup satisfying the
firs.t axiom of countability, then cancellation is continu­
ous in S if and only if for any a,b s S and sequences
{x.} and {bj} in S with b. — ) b and x.b. — > ab, it x ——  i —  ---  x   xx  ’ —
follows that xi — > a.
Proof: Assume that cancellation is continuous in S.
Let a,b e S and {b^ } and (xi) be sequences in S with 
bf — ) b and X^b^ — ) ab. Let IT be any open set contain­
ing a; it will be shown that there is an integer nQ such 
that n > n0 implies xQ e IT. Since cancellation is con­
tinuous in S, there exist open sets V and W, b e Y and 
ab s W, such that y e V, xy e W implies x s N. Since the 
sequences x^b^ — > ab and b^ — > b, there is an nQ such 
that n > n0 implies bn e Y and x^ b^  ^e W and hence xn e IT.
Thus, x. — > a.’ x
Conversely, if cancellation is not continuous in S 
at some point a e S, there exists an open set IT containing
7a and a point b e S such that for every open set V con­
taining b and for every open set W containing ab there 
exists a y e V and an x e S such that xy e W and x 0 N.
Let and £w^ } be countable bases at b and ab respec­
tively with the property that 1^±+-f=~^± and For
each integer i there exists y^ e and x^ s S such that 
x^y^ e W.. and x^ & N. The sequence {y^} converges to b 
and the sequence C^y^} converges to ab; therefore, by 
assumption x^ — ■> a; but this cannot happen since the set 
of points of the sequence {x^jdS'v.N. Thus a contra­
diction has been arrived at and therefore, cancellation 
is continuous in S.
From a close observation of the proof above, there 
follows the
Corollary (1.10): Let S be a commutative semigroup
in which cancellation is continuous. If a,b s S and 
{xd)* ^d^ are ne~^s on the same directed set with x^ — > b 
and x^y^ --> ba, then y^ — > a.
It is always interesting to know that the maximal 
group containing an idempotent of a semigroup is a topo­
logical group. To see that property F insures this, note 
the
Lemma (1.11): Let S be a semigroup with idempotent
e. If S has property F at e then the maximal group„ H(e),
containing e in an open topological group in S.
2Proof: Since S has property F at e and e = e,for
8Y open containing e, there is a W open containing e such 
that e e Va for all a e W. If a e W and e e Va then for 
some x s V, xa = e and a has an inverse in S with respect 
to e, so WcrH(e). Inversion is continuous at e in H(e) 
by again applying property F. Since I is open and con­
tains e, there is a U open containing e such that e e Wx 
for all x e U; that is, U”1crW. Then H(e) is a topological 
group and contains an open set of S so H(e) is open.
Using Lemma (l.ll), it will now be shown that con­
tinuity of division is equivalent to conditions 2 and 4 
of Gelbaum, Ealisch and Olmsted [3] in semigroups with 
identities.
Theorem (1.12): Let S be a commutative semigroup
with identity. Division is continuous in S if and only if
(1) translations are open mappings [that is, for U 
open in S, xU is open for all x e S], and
(2) there exists an open set $1 containing the identity 
such that N = and inversion is continuous in 
N.
Proof: Assume division is continuous in S. Then S
has property F at the identity, and the maximal group 
containing the identity is an open topological group by 
Lemma (1.11), thus establishing (2). Let U be open in S 
and a e S. To show aU is open, let x e U; an open set W 
will be found such that ax e WdaU. By the continuity of 
division, there are open sets V and W such that a e V,
9ax e I and Wcra(J for all a 6 V. Since a e V, ax e W^aU 
and hence aU is open.
Conversely, let x,y e S and y e V, an open set in S.
Now y = yee (e is the identity of S) , therefore, by the
continuity of multiplication, there is an N open contain-
_1 p
ing the identity such that N * N and yN Transla­
tions are open mappings so xN and xyN are open in S, 
x e xN and xy e xyN. If a e xyN and b e xN then a =* xyn^ 
and b = xn2 where n2 e N. Now a = xyn1 = ii^byn^
a byn-^n^ e byNNcxbV; that is, xyNcrHCbVib e xN] and 
division is continuous in S.
Conditions (1) and (2) above do not imply that S is 
a topological group. The multiplicative semigroup of 
p-adic integers of norm greater than or equal to one 
satisfies these conditions. This fact can be found in £31.
From (1.6), the group generated by a commutative 
semigroup with cancellation is a topological group when 
R is open. Theorems giving conditions which imply R is 
open will now be proved.
Theorem (1.13): If S has property F, then R is open.
Proof: Let U be an open subset of S x S. If
(x,y) e S x S and there is an element (a,b) e U such that
(x,y)R(a,b) then xb = ya. Since U is open and S x S has
the product topology, there are open sets V, containing a, 
and W, containing b, in S such that V x WcrU. Because S 
has property F at x and y, there exist open sets M, con­
10
taining x, and N, containing y, such that xb s x’W for all 
x* e M and ya e y'V for all y1 e N. For (x* ,y') s M x N, 
there is an a' e V and ab' e W such that xb = x'b' and 
ya = y'a'; now xb = ya so x'b* = y'a1 and (x1,y*)R(a’,b'). 
It has been shown that the open set M x N is contained 
in 7if^ [-n;(U)3 for each point in TC*"^ CTt(U)] ; hence, R is 
open.
From this and the remark following the definitions 
there follows
Corollary (1.14): R is open if division is continu­
ous in S.
Theorem (1.15): If S is a commutative semigroup with
cancellation then R is open if translations are open 
mappings.
Proof: Let U be an open subset of S x S. If
(x,y) e S x S such that (x,y) is equivalent to some
(a,b) e U, then xy = ya. The product topology on S x S
is such that there are open sets V, containing a, and W,
containing b, in S and V x WcrU. Translations are open
mappings so that xW and yV are open sets containing xb 
and ya respectively. By continuity of the multiplication 
in S there are open sets M, containing x, and N, contain­
ing Ji such that Mb c:xW and Na<^yV. Let (x',y') e M x N; 
then xi*b = xb” for some b' s W, and y’a = ya' for some 
a* £ V. Hence, (x’a'Xab) = (x,b)aa* = (xb')aa' = (xa)b,al 
= (yb)b'a' = (ya’)b'b = y'abb', so x’a’ = y'b* by cancel­
lation, and (x',y')R(a',b*), an element of U. It follows
11
that E is open.
Theorem (1.15) can be found in [53. Translations 
are open mappings in the additive semigroup of real 
numbers greater than a, where a >. 0. The semigroup of 
p-adic integers previously mentioned also has this pro­
perty.
Theorem (1.16): Let S be a commutative semigroup
with cancellation. If for each pair of nets {x^}} (y^ ) 
in S with xd — ) a and x^y^ -— > b it; is true that {y^ } 
converges, and if S has property J, then R in open.
Proof: Let U be any open set in S x S, and let
— 1A = n [ti(U)3. Suppose A is not open; then there is a 
net U x d,yd)} in (S x S)\A such that (xd*yd) — > (x0,y0)*
an element of A. Let (a,b) e U such that yGa « xeb.
Since S has property J, it can be assumed that b = a0a 
for some a0 e S. Hence y0a » x0a0a and yQ = x0a0.
Cofinally, it can happen that xd = bdyd or yd = a<ix<3_»
Assume first that yd * &d^d cofinally. Now xd — > x0 and 
yd = a^xd — > y0 = a0x0; thus the net (ad) converges to 
a0, using the cancellation. The net {(a,aad)} then con­
verges to (a,aa0) = (a,b) by the continuity of multipli- 
cation. But there exists a d so that (a,aad) e D and 
(xd?yd)R(a,aad) so e a coirfcradiction. 0n bhe
other hand if xd = bdyd cofinally then b^y^ = xd — > xc 
and xd — > yc, so the net (bd) converges to some p e S. By 
continuity bdyd — > pye = pa0x0 = xQ, but then S has an
12
identity pa0, and since pb = pa0a = a the net {(b^b,b)} 
converges to (pb,b) « (a,b). Again there exists a d so 
that (bdb,b) s U, (xd,yd)R(bdb,b), and (*d»yd) e A. It 
follows that no net in (S x S)\A converges to a point 
of A and therefore that A is open. It has been shown 
that R is open.
Two examples of semigroups with property J are the 
unit interval without endpoints and the set of complex _ 
numbers of absolute value greater than zero but less than 
or equal to one.
Theorem (1.17): Let S be a commutative subsemigroup
with cancellation of a compact semigroup T such that T\S 
is a closed ideal in T. Then, if (xd) and (yd) are nets 
in S with xd — ) x e S and xdyd — > a s S, it follows that 
(yd) converges to a point of S.
Proof: Since T is compact, every net in T clusters.
Let yQ be any cluster point of the net (yd) in T. By the 
continuity of multiplication in T, xdyd "”> = a 8 Si
then yG s S, since y0 e T \S implies xyQ e T\S. Every
cluster point of (yd) is in S, and if y^ is any other
cluster point, xy^ = a = xyc and y^ = y0. It has been
shown that (yd) has a unique cluster point in the compact
space T; hence yd — > y0 e S and the conclusion follows.
In an unpublished paper [5» Theorem 53 > E. L. Peck 
has proved the
Theorem (1.18): Let I be an ideal of the commutative
13
semigroup with cancellation S. The group H generated by 
I ij3 isomorphic and homeomorphic to the group G generated 
s*
The above theorem shows that the group generated by 
a commutative semigroup with cancellation S is a topo­
logical group if one can find an ideal I of S for which 
any of the preceeding conditions implying R is open are 
satisfied in I as a semigroup. Conditions for embedding 
will now be discussed.
Theorem (1.19): Let S be a commutative topological
semigroup. Division is continuous in S and S has cancel­
lation if and only if S is embeddable as an open subsemi­
group of the topological group generated by S.
Proof: It has already been shown that continuity of
division was a sufficient condition that the relation R 
be open. It will be shown that if Y is any open set in S 
then the set of points of S x S which are R equivalent to 
some point of Vb x (b), for b fixed in S, is an open set. 
Then the embedding is an open mapping into G, the group 
generated by S, and so S is homeomorphically embedded as 
an open set in the topological group G.
Let V be open in S and let A = Tc""^[Ti:(Vb x {b})]. If 
{(xd,yd)) is a net in S x S with (*d,yd) — > (x,y) e A 
then (x,y)R(ab,b) for some a e V; thus xb = yab and by 
cancellation x = ya. For Y open containing a, there are 
open sets U and W with y e W and ya s U such that
14
UezntVy':y' G W]. Now xd — > x = ya and yd —  > y implies 
there is an d0 such that d > d0 implies x^ e U and y^ e W; 
hence x^ = where a^ e V. Therefore, (x^y^lKa^b ,b)
and -(x^y^) e A for all d > dc, so A is open as was to be 
shown.
Conversely, if S is an open subsemigroup of the topo­
logical group G, x,y e S with y e V, an open set in S, 
then, since y = x~^xy, there are open sets U and W S with 
xy e W and x e U such that If’^’Wcl'V; hence Wc OCVx':x* s U], 
and division is continuous in S. Since S is a subsemigroup 
of a group, it has cancellation.
Combining Theorems (1.13) and (1.19)j there is the
Corollary (1.20): Let S be a semigroup with cancel­
lation and an identity. Then S i£j embeddable as an open 
subsemigroup of a topological group if and only if trans- 
la ti ons are open mappings and there exists a neighborhood 
of the identity which is equal to its inverse and in which 
inversion is continuous.
Corollary (1.21): If S is a connected commutative
semigroup with cancellation and identity, then 5 is a 
topological group if divi si on is continuous in S.
Proof: By Lemma (1.11), the maximal group contain­
ing the identity of S is open in S. By the theorem, S is 
open in G, the group generated by S, so the maximal group 
containing the identity of S is an open and hence closed 
subgroup of the connected group G and therefore is equal
15
to G. Hence S = G and is a topological group.
Theorem (1.22): Let S be a commutative semigroup
for which R is open. S is embeddable in the topological 
group G generated by S if and only if given any two nets 
{x^ } and {y^ } in S with x^ — ) x and x^y^ — ) a then the 
net {yd) converges in S.
Proof: It is clear that if S is embeddable, then
cancellation is continuous and the conclusion follows 
from (1.10).
Conversely, let V be any open set in S. It is to be 
shown that P(Y) is open in P(S) or equivalently that 
7t""1[P(V)] is open in 7t‘“1[P(S)3. Let {(xd,yd)} be a net 
in tc”1[P(S)] with (xd,yd) — > (x,y) e n”1[P(V) ]. Fix 
b s S; there is an a e Y such that (x,y)R(ab,b); that is, 
x = ya, and for each index d there is an ad £ S such that
xd = ydad* Now ydad = xd —  ^x “ ya and yd —  ^y imPlies 
ad — > a, and there is a d0 such that d > dQ implies ad e Y.
Therefore, (xd,yd)R(adb,b) and (xd,yd) e 7t~^ (P(V)] for all 
d > dQ, that is 7t”*^ [P(V) 3 is open in 'rc”*^[P(S)3. It has 
been shown that P is an open mapping onto P(S) and there­
fore, S is embeddable in G.
It is interesting to note the
Theorem (1.23) '* Let S be a locally Euclidean semi­
group . Then division is continuous in S, and hence S is 
embeddable as an open subsemigroup of a Lie Group.
J. E. L. Peck [53 proved this theorem in his unpub-
16
lished paper. The proof involves the generalized Jordan 
Separation theorem for Euclidean n-space and will not he 
reproduced here. However, there is the interesting 
Corollary (1.24): If S is a connected, locally
Euclidean, commutative semigroup with cancellation and an 
idempotent, then S is a topological group.
Proof: The idempotent of S is an identity element 
because of the cancellation. By the theorem and (1.21),
S is a topological group.
The question of embedding can be reduced to the embed' 
ding of factors if a semigroup is a finite cartesian pro­
duct. There is the
Theorem (1.25) Pet S be a locally compact commuta­
tive semigroup with cancellation. If S is a cartesian 
product of locally compact semigroups each of which is
embeddable in a group then S is embeddable in a group.
Proof: Since S is locally compact, all but a finite
number of factors are compact. The compact semigroups are
groups since a compact semigroup with cancellation is a
n
group. Let S = ^i=iSi-^ x G w5aere 'tlae are the locally
compact non compact semigroups and G is the product of the
n
compact groups. Let H = where G^  is the
group in which S^ is embeddable. Define 0:S — > H by 
0 = [0,,0p,...,0 ,0O] where the 0.'s are the embedding
■L C. it (J
functions for the S.'s and 0O is the identity on G. The
J
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mapping 0 is clearly continuous and open since the 0.’s
J
and 00 are continuous, and 0 is an embedding of S into H.
A summary of the results obtained is 
(1*26): Let S be a commutative semigroup. Consider
the conditions
A. S iLs a cancellation semigroup and
(1) S has property E or
(2) S has property J or
(3) division is continuous in S or
(A) translations are open mappings in S or 
(5) S is topologically and algebraically iso­
morphic to a subsemigroup of a compact 
semigroup T, and the complement of the 
image of S in T is a closed ideal of T.
B. Cancellation is continuous in S.
C. R is an open relation.
D. S is, embeddable in G, the group generated by S.
Then (i) condition C is implied by each of A(l), A(3)
(see [4-]), A(4) (see [31) » and A(2) and A(5); and
(ii) condition D is; implied by each of B and A(l) , B and
A(2), B and C (see [4]), B and A(4), A(3) (see (4]), A(l) 
and A(5), A(2) and A(5), and A(4) and A(5).
To see that the above conditions are different, the 
following examples should be noted. Let S be the additive 
semigroup of real numbers greater than or equal to zero.
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The semigroup S has property J and. cancellation is 
continuous in S, but division is not continuous in S and 
S does not have property F at any point. The semigroup 
has property J and division is continuous in S-^; there­
fore has property F at every point and cancellation is 
continuous in S^ . The semigroup S£ has property F at 0, 
hut at no other point. Cancellation is continuous in S2 * 
hut division is not continuous and S2  does not have pro­
perty J. If S is any semigroup with an isolated point x, 
then S has property F at x. Note that in S^? 1 is not a 
continuous divisor, hut has property F at 1.
These examples then show that the conditions used 
are independent of one another except for the lemmas and 
theorems proved.
The paper of Gelhaum, Kalisch and Olmsted [33 deal3 
with the embedding of commutative metric semigroups. It 
is of interest to consider metric semigroups and invariant 
metrics and to obtain a metrization theorem for commuta­
tive semigroups. Let S he a semigroup whose topology is 
given by a metric D.
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Consider the
Definition (1.27)J D is an invariant metric if 
x,y,a e S implies D(x,y) * B(ax,ay) = D(xa,ya).
A metric semigroup S which is embeddable in the group
G- generated by S has induced on it an invariant metric.
Gelbaum, Kalisch and Olmsted have proved the
Theorem (1.28): If S is a commutative algebraic
semigroup with identity and with an invariant metric» then 
S in a topological semigroup with cancellation and is 
embeddable in the group G generated by S.
Theorem (1.29): Let S be a commutative semigroup
satisfying the first axiom of countability. Any of the 
following conditi ons imply that S i_s metrizable with an 
invariant metric:
(1) division is continuous in S;
(2) S is embeddable as the complement of a closed
ideal in a compact semigroup and either
(a) S has property Jt or
(b) S has property F, or
(c) translations are open mappings in S.
Proof: The mapping it: S x S — > G, the group gener­
ated by S, is open in all cases; hence G is a topological 
group satisfying the first axiom of countability. The
Birkhoff-Kakutani Theorem C7,8] then says that G is 
metrizable with an invariant metric. This metric gives 
rise to the same topology on G as the original and so the
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induced topology on S is a metric topology with an 
invariant metric.
Note that in the case where division is continuous 
in S and S is a locally complete metric space, then by 
virtue of Klee's Theorem [93 the group G generated by S 
is a complete metric group.
Gelbaum, Kalisch and Olmsted [3, Theorem 173 have 
shown that if S and T are complete separable metric 
semigroups with cancellation and identities in which 
translations are open mappings and are such that cancel- 
lation is continuous in S, then if f is a continuous 
isomorphism of S onto T, f is an open mapping. This 
theorem cannot be extended to any homomorphism as demon­
strated by the
Example (1,30): Let S be the additive semigroup of
real numbers greater than or equal to 0. Let T be the
circle group and f:S — > T the mapping restricted to S of 
the reals to the reals modulo 1. It is easily seen that 
f is not an open mapping.
Let S and T be commutative semigroups with cancella­
tion. Suppose that T is embeddable in the group H 
generated by T and division is continuous in S. The 
following theorem is then an extension of the theorem of 
Gelbaum, Kalisch and Olmsted mentioned above and at the 
same time an extension of a theorem of Banach [10, Theorem
8; 11, Theorem 133, and a theorem of Bourbaki [12, page 823.
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(locally compact 
Theorem (1.31): Let S he a )
(locally complete metric
separable space and T a second category subset in H,
fbopological
a J group. If f:S -— > T is a continuous
/metric
homomorphism, then f is an open mapping.
Proof: Let be the natural mapping of S x S onto
G, the group generated by S, and T x T — > H. Define
f x f:S x S •— > T x T by f x f(a,b) = [f(a),f(b)] and 
consider the diagram in which f*(g) = TtgCf x f ) C'TC^ 'Cg) 3 » 
and %2 defined by 7E2 ^ 1 ,^ 2^ ~ ^1^2 *
•> H
rtl n2
s x S T x T
Then f* is a continuous homomorphism on the
 ^locally compact 
/ complete metric
separable group G into H and the image of f* contains T, 
a second category subset of H. By Theorems 6 and 7 [13] 
f* is an open homomorphism. The restriction of f* to S 
has the same set of values as f and since S is open in G, 
f maps open sets of S into open sets of T.
CHAPTER II
CHARACTERS OF COMPACT SEMIGROUPS 
In order to investigate the structure of a locally 
compact commutative topological group, the construction of 
its character group [11: Section 30] is one of the princi­
pal methods employed. The character theory for such groups 
makes possible the reduction of questions concerning a 
group to corresponding questions about its character group. 
The character group of a locally compact commutative group 
is also a locally compact commutative group and the 
character group of a compact group is a discrete group.
Many of the theorems about character semigroups are 
analogous to the theorems on character groups. Schwarz 
[14] has shown that the non vanishing characters of a com­
pact topological semigroup correspond to the characters of 
the kernel of the compact semigroup (the kernel is a 
group). The character theory for finite semigroups and 
discrete semigroups has been researched by Hewitt and 
Zuckerman [15* 16]. In [1?], Hewitt has described the 
character semigroups of compact monothetic semigroups.
The purpose of this chapter is the consideration of 
the character semigroups of compact commutative semigroups 
and the attempt to establish some of the structure of such 
semigroups. One of the tools needed in this approach is
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knowing when a homomorphism defined on an ideal of a semi­
group is extendable to a homomorphism on the entire semi­
group. This chapter will start with a general lemma whose 
corollaries will be used many times in this and the 
following chapter.
A Homomorphism Extension Lemma (2.1): Let S and T 
be semigroups. T with a right unit u. Let A be a subsemi­
group of S and f:A — > T a homomorphism. If there is an 
a e A such that f(a) e H(u) , aSL/SacA, and u is a left 
unit for f(Sa), then there is a unique extension g of f 
to S such that g is a homomorphism. If in addition S and 
T are topological semigroups then g is continuous when­
ever f is, continuous.
Proof: For the above a, define g(x) = f(xa)[f(a)]-1;
then f (a)""^ f (ax) = [f (a)]*"^f (ax)f (a) [f (a)]""^
= Cf(a)]”1f(a)f(xa)[f(a)]“1 = f(xa)f(a)"1. It then 
follows that g is a homomorphism; for g(xy) = f(xya)[f(a)^ 
= [f (a)]”1f (axya) Cf (a)]"*1 = [f (a) ]”1f (ax) f (ya) [f (a)]
= f(xa)[f(a)]-1 f(ya)[f(a)]-1 = g(x)g(y). Now g is an 
extension of f since x s A,implies g(x) = f(xa)[f(a)]”^
= f(x)f(a)[f(a)I”1 = f(x)u = f(x). The homomorphism g 
is unique since if h is an extension of f and x e S, then 
g(x) = g(x)f (a) [f (a) 3”1 = f (xa) [f (a)]'*1f (a) [f (a)]”1 
= h(xa)[f(a)]”1 « h(x)h(a)[f(a)]-1 = h(x)f (a) [f (a)]■■1 
= h(x)u = h(x). Since g is a composition of functions g 
is continuous whenever f is continuous, and S and T are
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topological semigroups.
In the following corollaries, it could be stated that 
the extension is continuous if the homomorphism given is 
continuous.
Corollary (2.2) (S. Schwarz [18]): If I is an ideal
in S and f i_s a continuous homomorphiam defined on I to 
the complex numbers and for some x s I, f(x) / 0, then 
there is a unique continuous homomorphism g defined on S 
to the complex numbers so that the restriction of g to I 
is f.
Corolaary (2.3): If f and g are homomorphi sms of S
into the complex numbers and I is an ideal of S such that 
f iI = g11 / 0, then f = g.
Corollary (2.4): Let S and T be topological semi­
groups , T with an identity v. If I is an ideal of S and 
f:I — > T is a continuous homomorphism such that v e f(I), 
then there is a unique continuous homomorphism g:S — > T 
such that g(x) = f(x) for all x e I.
It is interesting to note the
Example (2.5): Let S = [(x,y):x,y real 2. 0 and
x + y { 1], Multiplication in S is defined by (x,y)(a,b)
= (xa, xb + y). Then S is a topological semigroup [193. 
Let p = (1/2,1/2), r = (1/4,0) and q = (1/8,1/4). The 
set A = rSpUSq is a subsemigroup of S which is not an 
ideal. It does not contain Sr. However, SqTSqS so that 
SqUq3c;A and it is seen that the conditions of the lemma
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do not imply that the subsemigroup is an ideal. The pro­
jection of A into the first coordinate is a homomorphism 
which extends to the projection of S onto the unit 
interval, the first coordinate of S.
From here on. in this chapter. S is a compact 
commutative semigroup. The definitions and remarks that 
follow can be found in [18].
Definition (2.6): A character on S is a continuous
complex valued homomorphism defined on S.
Remarks:
(2.7): There are always two characters on S: the 
identically zero function and the identically one function. 
These characters will be called the trivial characters.
Let S* denote the set of all characters.
(2.8): If f is a character on S and x e S, then 
lf(x)l <_ 1. For if lf(x)| > 1 then [f(xn)| = |f(x)|n— > 00,
but S compact implies f is bounded and this divergence 
cannot happen.
(2.9): If e is an idempotent in S and f is a 
character then f(e) = 0 or f(e) = 1. This follows from 
the fact that f(e) = f(e^) = Cf(e)]^.
Definition (2.10): For f and g s S*, let
fg(x) = f(x)g(x).
Remark (2.11): For f and g e S*, fg e S* since fg
is continuous and fg(xy) = f(xy)g(xy) = f(x)f(y)g(x)g(y)
= [f(x)g(x)] Cf(y)g(y)] = Cfg(x)] [fg(y)].
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Using the above as a definition of multiplication, 
it is easy to see that S* is a semigroup.
Definition (2.12): An ideal P in S is a prime ideal
if S \ P  is a semigroup.
Remark (2.15): If f e S* and P = [x:f(x) =0], then
P is a closed prime ideal of S.
Proof: The set P is an ideal since x e P and y s S 
imply f(xy) = f(x)f(y) = 0. Since it is the inverse of a 
closed set under a continuous function, P is closed. To 
show P is prime, let- x,y s S \P with xy s P. Then 
f(xy) = 0, but f(xy) = f(x)f(y) and therefore f(x) = 0 
or f(y) = 0 since the complex numbers form an integral 
domain. This is a contradiction and P is then a closed 
prime ideal.
The only paper found in the literature which discusses 
a topology on S* is [20]. The semigroups considered in 
that paper are all locally compact and embeddable in locally 
compact groups. There is a veiy natural topology to impose 
on S* when S is a compact topological semigroup. The 
character semigroup S* can be endowed v/ith the relative 
topology from C(S), the space of all continuous complex 
valued functions on S, with its sup for norm topology.
S* is then a metric semigroup with metric given by
d(f,g) = sup [ If(x) - g(x)l :x s S).
It will be shown that S* with the metric topology
given by the metric d is a topological semigroup with
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u n i f o r m l y  continuous multiplication. To do this, note 
first the
Lemma (2.14): If f,g, and h e S*, then
d(fh5gh) < d(f,g).
Proof: Let f,g, and h e S*. Then d(fh,gh)
= sup [ |f(x)h(x) - g(x)h(x)| : x e S]
= sup [ |h(x)l ’ lf(x) - g(x)| : x e S]
<_ sup [ !f(x) - g(x)| : x e S] , since /h(x)j ( 1 by (2.8).
Theorem (2.15): Multiplication is uniformly con­
tinuous in S* .
Proof: Let f,g e 3*. For e > 0, let & = e/2. Let 
h,k e S* such that d(h,f) ( S and d(k,g) ( 5 . Thus 
d(hk,fg) <, d(hk,flc) + d(fk,fg) <. d(h,f) + d(k,g) < 2S = s, 
and multiplication is uniformly continuous when S* x S* 
is given the product topology.
It is known that closed subgroups of compact semi­
groups are topological groups. It is interesting to 
observe that all subgroups of 3* are topological groups.
Corollary (2.16): Each subgroup of S* i_s a
topological group.
Proof: Let G be a subgroup of S*. Multiplication is
continuous in G since it is continuous in S*. It is then 
sufficient to show that inversion is continuous at the 
identity in G. Let e be the identity of G. If {xn) is a 
sequence in G with xn — > e, then e > 0 implies there is 
an n(e) such that n > n(e) implies d(xn ,e) < e. Therefore,
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*1 T *j
d(x” ,e) = d(ex" >xnx“ ) < d(e,xn) < 6 for n > n(e).
Hence, x”1— ) e and inversion is continuous in G.
Remark (2.17): Since the uniform limit of homomor-
phisms is a homomorphism, S* is a closed subset of C(S)
and is therefore a complete metric space.
The next few pages concern the existence of non
trivial characters on compact semigroups.
Definition (2.18) (A. D. Wallace [193): A closed
R. S. T. subsemigroup R of S x S is a closed set in S x S
which is a reflexive, symmetric, and transitive relation
on S and is a subsemigroup of S x S. The space S/R is
again a compact semigroup.
Theorem (2.19): Let S have a zero element 0. There
are non trivial characters on S if and only if there is a
closed ideal I in S and a closed R. S. T. submob R of
I x I such that I/R :Ls topologically and algebraically
isomorphic to a non-degenerate subsemigroup of the usual
real unit interval.
Proof: Let f be a non trivial character on S. Note
that S is an ideal in S. Let R = C(x,y) s S x S: |f(x)l
= If(y)l 3; R is a closed R. S. T. subsemigroup of S x S
[183. Define h:S/R — > Z by h(a) = |f[0”’1(a)3| where 0 is
the natural mapping of S onto S/R. Then h is well defined
■1
since x,y e 0“ (a) imply |f(x)| = |f(y)l . The mapping h
is a homomorphism since h(ab) = Jf[ 6 (ab)3|c|f[6""^ (a)0""^ (b)3| 
= |f [0*"^(a)3f [0”^(b)]} s= h(a)h(b) , and since h(ab) is a
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point h(ab) = h(a)h(b). Since h“ ^"(closed set)
= 0[ |fl “^(closed set)] = 0(closed set) is closed in S/R, 
h is continuous. To show that h is one to one, let 
a,b e S/R with h(a) = h(b); then for x e 0""^ (a) and 
y e 0“1(b), jf(x)i = Jf(y)| and (x,y) e R, that is a = b,
Let T = h(S/R). Then T is a subsemigroup of [0,1] and is 
non-degenerate, since f is non trivial and 0 e S and 
f(0) = 1 implies f = 1; therefore, there is an x e S such 
that f(x) / 0 and h[0(x)] / 0 and h [0(0)] = 0.
Conversely, let 0:1 — > I/R be the natural mapping.
Let h:I/R — > [0,1] be the isomorphism onto a non-degener­
ate subsemigroup of [0,1]. Then h0 is a continuous 
homomorphism on I into the complex numbers and is not 
identically zero. Hence, by the homomorphism extension 
lemma, there is a unique extension of h0 to all of S which 
is a non trivial character on S.
Remark (2.20): The characters of the unit interval
have been completely determined by Schwarz [18]. Since 
the restriction of a character to a subsemigroup is still 
a character, f e [0,1]* implies f(h0) is a character of I 
and since it has an extension to S, there are many 
characters on S.
Let H(e) denote the maximal group containing the 
idempotent e in a semigroup S.
Lemma (2.21): H(l) = [f e S*: f(x) = 1 for all x e S], 
where 1 is the identically one function, an idempotent in 
S*.
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Proof: Let K be the kernel of S and e the idempotent
in X. Let f e H(l) and x £ S. If |f(x)l < 1 then 
|f(x)f(e)l = Lf(xe)& < 1. Now xe £ K, thus there is a 
y e K such that xey = e, and hence, Jf(xe)f(y)| = if(e)'j < 1 
and f(e) = 0; but there is a g e H(l) such that gf = 1.
Now 1 = gf(e) = g(e)f(e) = 0, a contradiction, and lf(x)j =1 
for all x £ S. If f e S* and jf(x)j = 1 for all x e S, 
then g(x) = l/f(x) £ S* and f(x)g(x) =1, so f £ H(l).
Theorem (2.22): Let K be the kernel of S. The
character group K o_f K is isomorphic and homeomorphic to 
H(l).
Proof: Define T:E — > H(l) by T(f) is the unique 
extension f of f to S. Then f(x) = f(xe) and 
lf(x)| = |f(xe)i = 1 so f £ H(l). Since T is clearly one 
to one, onto, and I f(x) - g(x)i = lf(xe) - gCxe)/, T is an
.isometry and the result follows.
Definition (2,23): An ideal P in S is called a
generating ideal if there is an f £ S*, so that f~^(0) = P.
Note that a generating ideal is a closed prime ideal
by (2.13). A generating ideal is a generating prime ideal 
in the sense of Schwarz [18].
Definition (2.24): For an ideal I in S, let
(S*;I) = [f £ S*:x £ I implies f(x) = 0] and 
(S*;I)° = [f £ S*:f_1(0) = 1].
It is easy to see that (S*;I) is a closed ideal of
Q
S* and (S*;I) is a subsemigroup of S*.
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Theorem (2.25): If P ijs an open and closed generat-
O
ing ideal in S, then (S* ;P) is topologically and alge­
braically isomorphic to the character group of the kernel 
of the compact semigroup S \ P .
Proof: Since P is an open and closed prime ideal,
the homomorphism lj^ :S — ) Z defined by
Co if x s P 0
4*(x) = i is continuous and belongs to (S* ;P) .
(1 if x P
Let K be the character group of the kernel K of S \P. Por 
g e IT, the function g:S — > Z defined by 
|0 if x  e P
g(x) = < , where e is the identity of K,
^g(ex) if x e S \ P
O
is a continuous homomorphism on S and belongs to (S*;P) . 
Let T:K — > (S*;P) be defined by T(g) = g; then T is one
O
to one and since each element of (S*;P) restricted to K 
is a character on K, f is onto., Por f, g e K,
/f(x) - g(x)I = If(x)f(e) - g(x)g(e)/ = /f(xe) - g(xe)/
= /?(xe) - g(xe)/ so d(f,g) in K is equal to d(f,g) in S* 
and T is an isometry. This proves the theorem.
It is readily seen from the preceding theorems that 
a semigroup S with a non zero kernel has non trivial 
characters and also that the existence of an open and 
closed prime ideal assures the existence of non trivial 
characters.
A group is said to have sufficiently many characters 
if the characters are a separating family of functions on
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the group. It is known that locally compact abelian groups 
have sufficiently many characters. However, compact semi­
groups do not necessarily possess this property. For 
consider the
Example (2.26): Let S be the semigroup of real
numbers in the unit interval with multiplication defined 
by x*y = min [x,y]. Then S is an idempotent semigroup so 
each character is a 0,1 valued function, but cannot take 
on both values since [0,1] is connected. Hence, there are 
only two characters and they do not separate points.
At this point, it is desirable to prove some iso­
morphism theorems analogous to those for locally compact 
groups [11; Sections 31 and 32].
Theorem (2.27): Let I be a closed ideal in S. Then
(S*;I) is topologically and algebraically isomorphic to
Proof: First, it should be noted that the algebraic
statement was proved for finite semigroups by S. Schwarz 
[21]. Consider the diagram where 0 is the natural mapping 
to the Rees Quotient [19]» g s (S/I)*\ {1} and f = g0.
Note that f s (S*;I), for if x e I then f(x) = g0(x)
= g(0) = 0. Define T:(S/l)*\{l) — > (S*;I) by T(g) « g0. 






equations TCg-jggKx) = g - ^ W x ) ]  = g1[0(x)]g2C6(x)3 
= T(g^)T(g2)(x) it follows that T is a homomorphism. Now 
T is one to one for / g2 implies g^0 / g2©» since 0 is 
an onto mapping. To show T is onto, let f e (S*;I); then 
since i C f ’^O) there is a homomorphism g induced on S/I 
such that g6 = f and g is continuous. Let
sl»s2 E tllen
= sup[jg1(x) - g2(x)l :x e S/I] = supC jg^0(x) -- g20(x)l : 
x e S\I] = sup[ If-^x) - f2(x)i : x e S] since x e I 
implies f-^ (x) = 0 = f2(x). The mapping T is then an 
isometry and therefore (S* ;I) is topologically and alge­
braically isomorphic to (S;I)*\{l).
Theorem (2.28): Let I be a closed ideal of S such
2that' I = I. Then I * is; isomorphic and homeomorphic to 
the Rees Quotient S*/(S*;I).
Proof: It has been noted that (S*;I) is a closed
2
ideal of S*. The condition I = I implies that the homo­
morphic image of I in the complex plane is a semigroup 
equal to its square and hence is either identically zero 
or contains the complex number 1. Recall that the Rees 
Isomorphism Theorem [19] states that S*/(S*;I) \ {0} is 
iseomorphic to S*\(S*;I). Define 0:1* — > S*/(S*;I) by 
0(0) = 0 and 0(f) is the unique extension of f to S.
Since f / 0, jjf it in I* is 1; hence Ilf II in S is 1 and 0 is 
a norm preserving mapping. To show that 0 is an isomor­
phism and a homeomorphism, it is then sufficient to show
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0 is one to one and a homomorphism, since 0 is clearly 
onto. To see that 0 is one to one, let f,g e I* with 
f / g; then the unique extensions of f and g are not 
equal. Let f,g s i * , ? - and g their unique extensions to 
S; 0 is a homomorphism since the unique extension of
fg e I* agrees with Ig on I.
Schwarz [21] has shown for finite semigroups, that
o
the semigroups were isomorphic even if I / I; and this 
is true in general. If I is the ideal [0,1/2] in the 
usual unit interval [0,1], then the topological part of 
the theorem fails since the sequence {fn} converges to 
zero in I* if f(x) = x, but it does not converge in S*.
The algebraic form of the next theorem was proved by
Schwarz [18] for two semigroups with units. His proof 
easily extends to any finite number of semigroups.
Theorem (2.29): Let 32®, ® finite collection
n
of semigroups with identities u^i^i=i* ^Qt S >
that is, S is the cartesian product semigroup with the 
product topology and coordinate wise multiplication. If 
n *
N = [f e : f = (f i >. • • , fn) implies there is a j,
1 (. 0 (. & and f . - 0] , then S* is topologically and alge-
n *
bracially isomorphic to the Rees Quotient [
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n
Proof: Define T: ^P^S^ — > S* by T(f)(x^,...,xn)
= f1(x1)f2(x2)..,fn(xn) where f = (f1,f2,...,fn). T(f) is 
then a continuous homomorphism on S. To see that T is an 
onto mapping, let g e S* and let — ) 2 be defined by
fi^xi^  = s C ^ j • * • >xif • * • »un) ; then
n *
f = Cfjf 2 ? • • • > ® i=lSi nnd T(f) (x-^ , • . • ,x.^ )
= f1(x1)f2(x2)..,fn(xn) = g(x1, )g(u1,x2,u^,...,un)
• • .gUp .. . »un-1,xn) = g(xx,x2,... ,xn) and T(f) = g. The 
continuity of T follows from the inequality 
sup [jT(f)(x) - T(f2)(x)l :x s S] = sup {\[f1(x1)f2(x2).. 
..fn(xn)] -- [f1(x1)r2(x2)...fn(xn)]|:x = (x1,x2,...,xn) e S} 
= sup {|[fr(x1)f2(x2)...fn(xn)] - [f1(x1)f2(x2)...fn(xn)]
+ Cf1(xi)i2(x2)...fn(xn)] -
<. sup { I [f2(x2)f^(x^) .. •fn(xI1)] - [f2(x2) .. .fn(xn)] I }
+ sup { if-L(x1) - ri(x1)| :xx e S.^
n
< i h  sup Clf^x.) - f±<x.)| :x± 6 Si3.
Since T is clearly a homomorphism, it will be shown 
that T"~1(0) = M. First, if f e N, f = (f^,...,fn), and 
f . = 0, then T(f) = f,fp...f = 0, so EfCT'^O). Supposeo X d IP
n *
f e ^PjS^ and T(f) = 0, Let f = (f.^  ,f2,. .. ,fn) ; then
T(f)(u1,u2,,..,un) = 0. That is, f1(u1)f2(u2 ^•••fn^un^ s 0;
hence f .(u.) = 0 for some j and then f . = 0 and f s h. K 
D d J
a *
is then a closed ideal of Consider the diagram
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where 0 is the natural map to the Rees Quotient
n *
T ^ / 7
n *
e
Since the kernel of 0 is the kernel of T, the induced map­
ping ^ is a continuous isomorphism. 7 is a homeomorphism 
since d[^(f),?(f)] ), dCf^ifh) where f = (f^,...,fn) and 
f = (f^,...,fn). This follows easily since |f^(x) - f^(x)l 
attains its supremum at sonex0 s S. and then
The following examples should "be carefully noted for 
their relation to the theorems that follow.
Example (2.30): Let be the multiplicative semi­
group of real numbers of the closed unit interval [0,1].
Schwarz has shown that all the characters of S are:
(a) 0o(x) = 0 for all x s S
(b) 0^(x) = 1 for all x e S
From this representation, (S^)* \ {0O >9-^ } is a semi­
group isomorphic to the open right half of the complex 
plane under addition. A careful check of the norm on (S^)* 
and absolute value on the half plane will show that the 
mapping is a homeomorphism.
d[T(f ) ,T(f)] >. | [f-j^ C^ ) . . .fi(x0) . . .fn(un)] 
- [I^Cu^ .. .f.(x6) .. *fn(un)]l = d(fi ,?i).
y  a+ib if x / 0
where a,b are real and a>0
0 if x = 0
37
Example (2.31): Let Sg be the multiplicative semi­
group on the closed interval [1/2,1] where 
x x y = max(l/2,xy) [191. This is the Calabi semigroup.
then x x x x...x x = 1/2 for sufficiently large n. Then 
(S£)* consists of 0o(x) = 0 and 0-^ (x) = 1; for if x < 1 
and 0(x) / 0, then 0(1/2) = 0(x^ ") = [0(x)]^ / 0 so
0(1/2) = 1 and 0(x) = 1 for all x e Sj,
Example (2.32): Let S be any standard thread [22],
Let E be the idempotents of S; then if A is a component of
S E, A closure is one of the two semigroups S-^ or S2 from 
the preceding examples. Let 0 be any non identically one 
and non identically zero character of or S2 > then if 
A = S-j the function
S* separates points only if there are no continua of 
idempotents in S and each A is an S^,
The following result can he found in [193* However, 
the commutativity of S is not needed for its proof.
(2.33): If R-^  and R 2 are closed R. S. T. subsemi­
groups of S x S and R^ R2 , then in the diagram
Since x ( 1 implies there is an integer n so that xn < 1/2,
is a character of S.
s/r-l £---- > s/r2
S
where f-^ and are the natural mappings, g is the unique
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continuous homomorphism so that gf^ =
Using this result, there follows the 
Theorem (2.$4): Let SQ = C(x,y) e S x S;f e S*
implies f(x) = f(y)]. ThaiSn is a closed R. S. T. sub- 
semigroup of S x S and S* i_s topologically and algebra­
ically isomorphic to (S/S0)*.
Proof: To show Se is a closed R. S. T. subset of
S x S, note that SD is reflexive since f(x) = f(x) for 
all f s S*; SQ is symmetric since if (x,y) s S0 then 
f(x) = f(y) for all f e S* and (y,x) e S0; and SG is tran­
sitive since if (x,y) and (y,z) e Sc then f(x) = f(y)
= f(z) and (x,z) e SQ. To see that Sc is a subsemigroup 
of S x S let (x,a) and (y,b) e S0; then f(xy) = f(x)f(y)
= f(a)f(b) = f(ab) and (xy,ab) e Sc. To show Sc is closed,
let (x,y) e S x S \S0; then there is an f e S* such that 
f(x) f (y). Therefore, there exists an open set Y con­
taining f(x) and an open set W containing f(y) such that
V O W  =□ . Since f“^(V) and f~^(vO are open in S,
x e f-1(V), y  e f”1 /^) and f'”1(V) P\ f_1(W) = D , it follows 
— 1 —1that f (V) x f“ (W) is open containing (x,y) and con­
tained in S x S \ SG and SD is closed.
Let 0:S — > S/Sc be the natural mapping. Let f e S*; 
then, since SQ C. [(x,y):f(x) = f(y)], in the diagram
f
S  > f(S)
S/SQ
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g is the unique continuous homomorphism such that g0 = f 
and g e (S/S0)*. Define T:(S/S0)* — > (S)* by T(g) = g0. 
Since for each f e S* there is a g such that f = g0, T is 
an onto mapping. The one to oneness of T follows from the 
uniqueness of the g's. Since Xg^ggXx) =
= g^CQCx)] * gg[0(x)] = T(g^)T(gg)(x), T is a homomorphism. 
Wow HT(g1) - T(g2)ll = sup [lg1[6(x)] - g2[0(x)]\ : x s S]
= sup Clg-^z) - g2(z)| : z e S/SQ ] = ilg1 - g2u; hence T
is an isometric mapping and S* and (S/S0)* are topologically 
and algebraically isomorphic.
It is now clear that given a semigroup S, its character 
semigroup does not distinguish S from S/SD. Only those 
semigroups whose character semigroups separate points will 
be discussed.
Theorem (2.35): Let S be a semigroup such that S* is
a separating family of functions. Then
(1) S contains no non-degenerate continuum of idem­
potents ; and,
(2) If A is a closed subsemigroup of S then A contains 
no elements x not in its kernel such that xn is in
the kernel of A for some integer n.
Proof: (1) Let N be a continuum of idempotents in S.
If e2_i&2 £ ^ with e^ ^ eg* then there is an f e S* such 
that fCe^) t f(eg). It can be assumed that f(e^) = 1 and 
f(©g) = 0. Since for each n e W, f(n) = 0 or 1(2.9)* then
Ncf"1(0)Uf"1(l) and is not connected; hence e1 = eg and
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N is degenerate.
(2) Let A be a closed subsemigroup of S and K(A) its 
kernel. Let x e A such that x11 e It(A) for some integer n. 
Let e be the idempotent of K(A) and f e S*; then if 
f(e) = 0, f(xn) = 0 and therefore f(x) = 0. But if 
f(e) = 1, then f(x) = f(x)f(e) = f(xe) and f does not 
separate x and xe; hence x = xe e K(A) and the result is 
established.
Remark (2.36)• The above theorem does not prohibit 
the existence of zero divisors, for let 8 be the semigroup
1' „1
\  k v.'-
0
where [0,1*3 and [0,1] are the usual unit intervals, but 
multiplication between the intervals is always zero. S* 
separates points simply because the two functions 
'x if x s [0,1*]
h(x) = and
0 if x e [0,1]
(0 if x s [0,1'] 
g(x) = -j separate points of S and are
C,x if x e [0,1]
characters of S.
Theorem (2.37) *• Let 8* be a separating family for S,
and S a semigroup with property J. If the kernel K of S
is the only generating ideal of S then S \ K is, a semigroup
with cancellation and is embeddable in a locally compact
topological group.
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Proof: Let a,x,y £ S \ K  with ax = ay. Let f £ S* ;
then. f(a)f(x) = f(ax) = f(ay) = f(a)f(y) and f(a) = 0 if 
and only if f = 0. Hence f(x) = f(y) for all f £ S* and 
therefore x = y since S* is a separating family for S.
By (1.26) S \ K  is embeddable in a locally compact topo­
logical group.
A partial converse to the above is the 
Theorem (2.58): Let K be the kernel of S and a
generating ideal. If S \ l  is a semi group with cancella­
tion and S has property J or property P, then S* is a 
separating family for S.
Proof: Since K is a compact topological group, H(l)
is a separating family for K. K is a generating ideal
O
implies that the elements of (S*;K) separate points of 
K and S\IC. By (1.26) S\K is embeddable in a locally 
compact topological group G and therefore for x,y e S K, 
there is a character 0 of G which separates x and y as 
elements of G, Let f e (S*;K) ; then 
lO if x £ K
f6(x) = ; is an element of S* and
(f(x)e(x) if x £ S K
separates x and y. Hence, S* is a separating family for S.
Por the purposes of the next two theorems, let S
satisfy
(1) each generating ideal of S has property J or 
property P; and,
(2) for P a generating ideal in S, there is a gener-
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ating ideal O, in S such that
(a) Q c P  and
(b) if Q1 is a generating ideal in S and Q'r> Q, 
then Q,113 P.
Extensions of the two preceding theorems are
Theorem (2.39): IT S* separates points of S and P 
is a generating ideal of S , then P \ Q is embeddable in a 
locally compact topological group.
Proof: Let S' = P/Q. S' has kernel {0} and it is
the only generating ideal of S* . By (2.37)i s' \ (0) is 
embeddable in a locally compact topological group. From 
the Rees Theorem, S'\{0} is topologically and algebra­
ically isomorphic to P \ Q  and the result is clear.
Again a partial converse is the
Theorem (2.4-0): If P \ Q  is a cancellation semigroup 
with P and Q as in (1) and (2) above, then S* separates 
points of S.
Proof: By (2.38), (P/Q)* separates points of (P/Q)
for all generating ideals P and related Q's. By the 
extension theorem, all homomorphisms on P can be extended 
to homomorphisms on S. Therefore, since S is the union of 
all its generating ideals the conclusion follows.
When the separation can be done with characters which 
never take on the value 0, there is the
Theorem (2.41): S is_ a topological group if and only
if x,y e S implies there is an f e S*, f is never zero and 
f(x) / f(y).
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Proof: If S is a gi'oup, then the homomorphisms in
S* \ {0} never take on the value zero and are characters of 
the group S in the usual sense. By the Pontrajagin 
Duality Theorem [11], S is the character group of S* \ {0} 
and the elements of S as functions on S* \{0} are distinct 
functions; hence x,y e S implies there is an f e S* \ {0} 
such that f(x) ^ f(y).
Suppose S is not a group, then the kernel K of S is 
a proper ideal of S. Let x e S\K. Let e "be the identity 
of K; then if f is a never zero homomorphismof S, f(e) = 1 
and f(x) = f(x)f(e) = f(xe) so x = xe and x e K, This 
affords a contradiction and therefore S = K and is a group.
The next theorem will allow the determination of a 
class of semigroup which has the property that the 
character semigroups are separating families.
Theorem (2.42): Let be a finite collection
of semigroups with identities such that S^ separates the
n
points of S. for all i, 1 ( i _( n, If S = , then S*
separates the points of S.
Proof: Let x,y e S, with x = (x^,Xg5...»xn) anb
J = (71?5r2’*’*,yn^ * If x ^ 7 then there is an index j
*
so that x. ^ y.. Let f . be that element of S. which
separates x. and y.. For all i / j, let f. be the identi- 
J J 1
cally one homomorphism on The homomorphism g defined
on S by g(a1,a2,... ,an) = fi^ai^f2^a2^  * * ^ n^n^ feelonSs to
44
S* by (2.29). Now g(x) = f .(x.) and g(y) = f^Cy^) so g
<J cJ <J tJ
separates x and y and S* is a separating family for S.
Remark (2.43): It is now clear that any semigroup
which is a finite product of semigroups satisfying the
conditions of (2.40) also satisfies the conclusions; that
is, the character semigroup separates the points of the
semigroup. Many of the common examples which can he drawn
on a blackboard and contain no continua of idempotents and
no nilpotent subsemigroups satisfy these conditions.
The separation of points of S by S* affects the topo-
p
logy in S* when S = S as will now be shown.
Lemma (2.44): These are equivalent:
(1) 0 is isolated in S*
(2) P is; a generating ideal implies E O S  VP ^ C
(3) £°r £ e S* \ {0}, there is an x s S such that 
f(x) = 1.
Proof: (l) implies (2). Suppose P is a generating
ideal and B'^S NP = 2  . Since f e (S* ;P) implies 
n °f s (S*;P) for all integers n, and 0 is isolated, then
n °f does not converge to 0. Fix f £ (S*;P) and let
x £ S\P; then j f (x)| < 1 for if j f(x)l = 1, then
Ex: jf(x)i = 1] is a non empty compact subsemigroup and
hence contains an idempotent contrary to assumption. The
compactness of S implies there is a y £ S such that
|f(x)j _< )f(y)| < 1 for all x £ S. Now for £ > 0, there
is an integer n so that [f(y)| n < e , and then
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ifn(x){ _< /fn(y)| = |f(y)j n < e for all x e S and fn — -) 0
a contradiction. Hence B I S V P ^ P .
(2) implies (5)* This is clear, for let P = f“1(0) 
for some f s S* \ {0}; then P is a generating ideal and 
hence there is an idempotent e e S\P and f(e) = 1.
(5) implies (1). This is also clear. Let f e S*\ {0}; 
then I if* - 0 H = /if,I = sup [ |f(x)i :x s S] = 1 by the
hypothesis and 0 is isolated in S*.
Corollary (2.45): If S = S2, then 0 is isolated in S*.
Proof: Let f e S* \ {0}. How f(S) = f(S2) = f(S)f(S),
so that f(S) is a compact semigroup contained in 
[3:121 <11. By [2$, Corollary 1], f(S) = f(S)E[f(S)].
The only idempotents in [2: f-21 { 1] are 0 and 1, and 
f(S)0 - 0 implies that f = 0; hence 1 e f(S) and 0 is 
isolated.
Theorem (2.46): Let S* separate points for S. If 0
is isolated in S* and S has onpy a. finite number of
p
generating ideals then S = S'.
2
Proof: Suppose there is an x e S \ S . Since S*
separates points of S, there is an f e S* so that f(x) £ 0.
There are a finite number of generating ideals
such that x s P^ for all i <_ n, and for P any other gener-
n
ating ideal, x t P. Consider Pe = a prime ideal;
then by (2.42) there is an idempotent e e S \ P 0. Let
f e S*. If f(x) = 0 then f(xe) = f(x)f(e) = 0 and f does 
not separate x and xe. If f(x) / 0 then f”^(0) = P^ for
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some i and f(e) = 1; hence f(x) = f(x)f(e) = f(xe) and f
o
does not separate x and xe. Therefore, x = xe e S , a 
contradiction.
Remark (2.47): Let S he the semigroup of real numbers
[1/2, 3/4-] where multiplication is defined by x x y 
= max [1/2,xy]. Then S* does not separate points of S and
0 is isolated since S has only the two characters 0 and 1,
o
but S /S. This shows the necessity of the hypothesis
" S* separates points of S M0 Further, the semigroup
S = [0,x] of real numbers with its usual multiplication
and 0 < x < 1 is not equal to its square, but S* separates
points and there are only a finite number of generating
ideals, so the condition 11 0 is isolated1' is needed. It
would be interesting to know if the finite number of
generating ideals condition could be dropped.
It would be nice to know whether or not S* is a
locally compact semigroup. To attain this objective in
special cases, it is necessary to prove the
Theorem (2.48): Let S be a semigroup in which each
2
generating ideal P is equal to its square, P = P . Then
O
(S*;P) is a closed subsemigroup in S*.
Proof: To see that (S*;P) is closed, let {fn) "be any
sequence in (S*;P) with f — > f e S*. To show (S*;P)
O
closed, it is sufficient to show that f e (S*;P) . Let
P^ - f”^(0) and assume P^\ P / 0 . Since fn — > f, x e P
implies f (x) — > f(x), but fn(x) = 0 for all n and hence
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f(x) = 0 and x e P^; that is, PcP^, For the semigroup
p *
= ^ isolated in and there is an idempotent
e e P-jNP. For all n, fn(e) = 1» "but f(e) = 0 and hence
f -/> f. This is a contradiction: hence Pn = P and n l
f e (S*;P)°.
Remark (2.49): If S is a semigroup in which each
2
generating ideal P is open and closed and P = P , then, 
from Theorem (2.25) aud (2.45), (S*;P) is a closed 
locally compact subgroup of S* and each element in S*
O
belongs to some (S*;P) , and S* is then locally compact 
since the distance from (S* ;P-j_) to (S* ;Pp) is 2 1*
In a quite different situation, the desired result 
follows from the
Theorem (2.50)* Let S be a union of groups. Then S* 
is a union of groups and is locally compact.
Proof: Since S is a union of groups, each'generating
ideal of S is a union of groups. Let P be a non empty
O
proper generating ideal of S. If f s (S*;P) , then 
f(x) = 0 if and only if x s P, and jf(x)f = 1 if and only
O
if x £ S\P. Now j fI e (S*;P) and is an idempotent;
o
hence (S*;P) is a group [18] and S* is a union of groups. 
If f^ and f£ are two distinct idempotents in S*, then
O
ilf^  - f^ Ji 2 1 each (S* ;P) is closed and is a locally 
compact group, and as in the preceding remark S* is then 
locally compact.
In the theory of character groups of locally compact
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commutative groups, two gi’oups are isomorphic and homeo- 
morphic under the same mapping when the character groups 
are isomorphic and homeomorphic under the same mapping.
The analogous result is not true for compact semigroups 
because of the
Example (2.51): Let S be the idempotent semigroup
of Example (2.26) and T the nilpotent semigroup
([0,1/4] U(l/2})/[0,1/32]. The character semigroups of 
S and T are both isomorphic to the semigroup of two ele­
ments {0,1}. The spaces are not homeomorphic since S is 
connected and T is disconnected and are clearly not 
isomorphic as semigroups.
However, there is the
Theorem (2.52): Let S and T be semigroups such that
S* and T* separate points of S and T respectively. There
is a mapping F:S --> T such that F i_s a topological and 
algebraic isomorphism onto T if and only if there is a 
mapping G:S* — > T* which is a topological and algebraic 
isomorphism onto T* .
Proof: Let F:S — > T be a topological and algebraic
isomorphism. Define G:T* — > S* by G(g)(x) = g[F(x)]; 
then G"^ is the desired mapping. First, it will be shown 
that G is one to one and a homomorphism. If G(g^) = G(g2) 
then g^[F(x)] = g2CE(x)] for all x e S and therefore 
Sx = S2* Since G(g1s2)(x) = g1g2[F(x)] = g1CF(x)]g2[F(x)] 
= G(g^)G(g^)(x), G is a homomorphism. To see that G is a
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homeomorphism, note tliat
llsx - S2ll = SUP ClgjCt) - g2(t-)l : t e T]
= sup [lg1[P(x)] - g2CP(x)]l: x e S] = liGCg-^ ) - G(g2)/i and 
G is an isometry so G”"*" is the desired function, since G 
is clearly onto.
Conversely, let G:S* — > T* be a topological and 
algebraic isomorphism onto T*. The mapping G will be 
extended to an isomorphism of C(S) onto C(T). The exten­
sion will map homomorphisms into homomorphisms. The spaces 
S and T are then homeomorphic and it will be shown that the 
homeomorphism is a homomorphism and the desired result is 
then established.
It has already been observed that the linear spans, 
L(S*) of S* and L(T*) of T* are dense subalgebras of C(S) 
and C(T) respectively. Define G^:L(S*) — > L(T*) by
). It is clear that G-^ is' an
algebra homomorphism. To see that G-^ is an algebraic and
topological isomorphism, it is sufficient to show that
S* \ {0 } is a linearly independent family of functions for
any semigroup S. If f,g e S* \{0} and a,b s Z \{0) such
that af + bg = 0 then f = (-b/a)g, f^ = (b/a)^g^ and
2 2f = (-b/a)g so that f = g. Proceeding by induction; 
suppose that any n - 1 non zero homomorphisms are linearly 
independent. If S*\ {0} and {ai Z\{0} such
_TL




-2-^ a^ f^ Cyx) = 0 for all x e S. Since f^  and are dis­
tinct, there is a y0 so that f^(y0) £ Then
0 = i?iaifi(y°x) - S . aifi<x)
n
= i"T2ai^fi^y°^  “ fl(y°)]fi(x) for a11 x 5 S* since 
a2 f^2 ^y°^ - f-^ (y0)3 £ 0, the linear independence of the 
n - 1 homomorphisms ds contradicted. Therefore,
L(S*) and L(T*) are isomorphic normed linear spaces. C(S) 
is the completion of L(S*) and C(T) is the completion of 
L(T*) and G-^ can he extended to an isomorphism of C(S) 
onto C(T).
By a theorem of Stone [24], there is a homeomorphism 
F:S — ) T such that x s S and f e G(S), f(x) = 0 if and
only if (x^ (f)[F(x)3 = 0. Let f e S* and x e S; then
f(x) = G(f)[F(x)3. For if f(x) = C 0 then (f - Cl)(x) =0
so [G(f) - GG(l)][F(x)] = 0 and G(f)[F(x)] = C.
The elements of T* separate points of T, so that 
F(xy) = F(x)F(y) if g £ T* implies g[F(xy)3 = g[F(x)F(y)]. 
Let f e S* such that G(f) = g; then g[F(xy)3 = f(xy)
= f(x)f(y) = g[F(x)3g[F(y)3 = g[F(x)F(y)3 and F is also 
a homomorphism.
The restriction that G he a homeomorphism was neces­
sary in order that L(S*) and L(T*) be equivalent normed 
algebras. A simple counter example shows that this 
restriction cannot he eliminated. Let S he the usual 'unit
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interval and T the interval [0,1/2]. The character semi­
groups S* and T* are algebraically isomorphic since the 
restriction of a homomorphism to an ideal is again a 
homomorphism and homomorphisms can only vanish at 0 in 
these semigroups. The mapping from C(S) to C(T) is the 
restriction mapping and is not one to one since S* and T* 
are not topologically isomorphic.
CHAPTER III
SEMIGROUP ALGEBRAS 
The group algebra of a locally compact topological 
group [253 has been used to determine the structure of the 
group, multiplication being defined in the group algebra by 
means of a left invariant integral. In semigroups, the ex­
istence of elements with inverses makes it impossible to use 
this approach. However, in the case of finite groups the 
multiplication in the group algebra is simplified. Munn 
[26] and Hewitt and Zuckerman [153 have studied this type 
of multiplication for finite semigroups. Hewitt and 
Zuckerman [16] have used this method to extend these ideas 
and have defined convolution algebras for discrete semi­
groups and it is desired here to extend these concepts to 
compact topological semigroups. Certain inadequacies arise 
in a first definition of a semigroup algebra for a compact 
semigroup, and a second algebra will also be defined.
In all algebras considered here, the radical of the 
algebra is the set of those elements at which every con­
tinuous multiplicative linear functional assumes the value 
zero; that is, the intersection of the kernels of the con­
tinuous multiplicative linear functionals. An algebra is 
semisimple if its radical is the zero element. The follow-
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ing two definitions are those of Hewitt and Zuckerman [153.
Let Z denote the complex plane with its usual topology 
and multiplication. Let S be a semigroup and f be a func­
tion defined on S to Z.
Definition (3.1): For x e S, f :S— ) Z and fx:S •— > Z
are the functions defined by f (y) * f (xy) and fx(y) «= f(yx).
X
Let S be a semigroup and F a linear space of complex 
valued functions on S such that x e S and f e F implies 
f belongs to F.X
Definition (3.2): A complex linear space L of linear
functionals on F is a convolution algebra if
( 1 ) B e L t f s F  and x e S, then the function
g:S — ) Z defined by g(x) = B(f ) is an element 
of F; and if
(2) A, B e L, then the function N:F — > Z defined by 
N(f) = A[B(f )3 «= A(g)t where g is the functionX
in (l)t belongs to L. The function N will be 
written A*B and * is considered as a multiplica­
tion in L.
The following results can be found in Hewitt and 
Zuckerman's paper [153.
(3.3): Every convolution algebra is associative,
(3.4): Every snbalgebra of a convolution algebra
is a convolution algebra.
(3.5): If S is a finite commutative semigroup and F
is the space of all continuous complex valued functions on
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S, then convolution is commutative.
For the remainder of this chapter, let S be a compact 
semigroup. Let F = C(S) ® all continuous complex valued 
functions defined on S.
Definition (3*6): A subset Q of C(S) is a separating
family for S if x, y e S implies there is a function f e Q 
such that f(x) / f(y).
Remark (3*7): If S* is a separating family for S
then the linear span of S* is dense in C(S) by virtue of 
the Stone-Weierstrass Theorem [25] and the fact that S* is 
a semigroup with respect to the usual multiplication in
Definition (3*8): For x e S, x:C(S) — > Z is defined 
by x(f) = f(x). x is a linear functional on C(S).
Definti on (3*9)** L(S) is the linear span of the 
family [x:x e S] in the linear space of all linear func­
tionals on C(S).
A multiplication * will now be defined oil L(S) , and 
it will be shown that L(S) with * is a convolution algebra.
Lemma (3*11): The set [x:x e S] is a linearly
independent subset of L(S).
n _
Proof: Suppose “ 0 and a . ^ 0 for some
C(S)
Definition (3*10): If A, B s L(S), A =
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0» 1 i. 0 .£ n* Since the x^ are distinct and finite, there
is an open set V. so that x. s V. and x. e S\V. for all
0 0 0 ^ 0
i ^ Let £:S — > Z he that function in C(S) so that
n __
f(x.) * 1 and fis\V. * 0. Then 0 = Sa.x. (f)
0 J X — X X X
n
= .5La.f(Xj) = a.f(x.) = a ., a contradiction. Hence, the 1=1 i ' i' 0 0  0
linear independence follows.
Theorem (3.12): L(S) with * as defined in (3.10) is
a convolution algebra.
Proof: The linear space of functions C(S) is such
that x e S and f e C(s) implies f and fx e G(S). It will 
now be shown that (1) and (2) of definition (3*2) hold.
D. _
Let A e L(S) and f s C(S). Assume A =^2.aixi and 
g:S — > Z is defined by g(x) = A(fx). Then A(fx)
“ * Jriaifx<Xi> “
n x.
n m
and g *a 8X1 element of C(S).
_ _





a  j. y,
-  S i a i  A V  i
_a_ _ ~a  r n
- i^LaiXi [ . A V  J




For each A e L(S) the norm of A, iiAii, is the
supremum [ jA(f)| :il£ii<, 1]. There follows the
n _
Theorem (3.13): If A e L(S) and A =
n
11 Ail = ^  I a^| *
Proof: Let f e C(S) and |ifh£ 1. Then |A(f)/
M I A aif(xi) j ^ iS.lai> ,fCxi )f i  A L |ai' * Hence’
n
If All X l&jj * Since S is a completely regular Hausdorff 
space and {xj_}q_q finite, there are open sets V\ with 
x^  e V\ and 0 =0 for i / j, and there exists
(£*}? -| 0(S) such that f. (x.) = 1 and f.|s\7 , = 0.X JL “ X X JL X X
Let f = ia^| )f^; then f sC(S), and Ill’ll_< 1 since if
x e S then x s S \ ^2.Vi or x is in a unique V .^ If 
n
x e S \ then f^Cx) * 0 for all i, and f(x) = 0.
If x s V. then f .(x) = 0 for all o £ i, and
1( n
i f (x)| ■ ! (ai/ |a±| )fi(xi)| X 1. Now A(f) = i^iaif x^i^  but
_ vii_ _ _n
f(x±) » (ai/1a±| ), so A(f) = iail ) = xkl*ai* 811(1
n n_
therefore HAIl 2 qlrq *ajJ • Hence, IjAJl = a^ql •
Theorem (3.14): l|A*B|j < ||Ali * UBII for A, B e L(S).
n _ m _
Proof: Let A = .2-, a. x. and B = .^b.y., Nowi=l i i n=l oo
* i
A*B =£ l lxiyp.ptail5;ij pt> so that ,|A*B|1
3? 3?
&  L  J L  a.b, ! < S  .±=ljx^y^=pt i o |~ t=i i
Corollary (3.15): L(S) with * is a normed convolution
algebra.
Theorem (3.16): L(S) is; commutative if and only if
S is commutative >
Proof: If L(S) is commutative, then for x, y e S,
x*y » y*x. That is xy = yx and therefore for all f e C(S), 
f(xy) *» f(yx) ; hence, xy = yx since C(S) separates points 
of S.
If S is commutative then xy = yx for all x, y e S.
 _    ja. _
Therefore, x*y = xy = yx = y*x. If A = and
m n m ___
B = ’ tben A*B ‘ A l ai ; & bixiyd
n ja _____  m _n__ ___
= A biyaxi = a%ibi i^laiydxi ’ B*A-
Theorem (3.17): If 0 is a bounded multiplicative
linear functional on L(S), then there is a bounded complex 
valued homomorphism f on S such that if A e L(S) and
n _ n,
A ■ then (1) 6 (A) * itLaif(xi)- Conversely,
each such bounded homomorphism on S defines a unique 
bounded multiplicative linear functional on L(S) by (1) 
above.
Proof: Let 0 be a bounded multiplicative linear
functional on L(S). Define f:S — > Z by f(x) - 6(x); then 
f(xy) = 0(xy) «* 0(x*y) « 0(x)0(y) ® f(x)f(y) and f is a
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homomorphism. Wow lf(x)j = 10(5c)} <_ ii6ij iixj), and thus f is 
hounded. It is clear that f is unique.
If f is a bounded complex valued homomorphism on S, 
then |f(x)| <_ 1 for all x e S. If A e L(S) with
Since 0 is multiplicative on a basis for L(S) and is a 
linear functional, it is a bounded multiplicative linear 
functional.
The space L(S) is not necessarily a complete space with 
respect to the norm given it. However, the space of all 
bounded linear functionals on C(S) is complete relative to 
the supremum norm. The algebra L(S) will now be extended 
to be a Banach algebra.
Let L be the closure of L(S) in the space of all 
bounded linear functionals on G(S). Then L is a Banach 
space and the multiplication is extended to L via the
Definition (3.18): If A, B e L, let {An) and {Bn)
be sequences in L(S) so that A^ *— > A and B^ — > B,
A*B is the limit A .* n* n
Lemma (3-19) '• The above definition is meaningful.
Proof: The following argument is standard and is being
included for completeness. Pirst, it will be shown that
f (x^ ) , then for IIAII » la^j _< 1, 
1 ©(A)! (. lf(x±)l bounded.
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{An*Bn} is a cauchy sequence and hence converges in L. For
e > 0, there is an n(e) so that m, n > n(e) implies
(a) llAnll < e + IIAll
(b) UBnll < e + UBIl
(c) UAn - Aml| < e/2Ce + tlBM]
(d) ilBn - Bffill < e/2[e + IIAJJ3.
Then for m and n > n(e)t
i lA *B - A *B ll < i(A*B - A *B II + liA - A.BIIn* n m* m — n* n n* m n m m* m
<llAnll * IIBn - Bmll - IIAn - AJI • IIBmll
< Ce +  " Ali;1 2 t e  A n . V l O  ' + [ e  + " B li; i  2[e . ‘W j  “  E > “ a
{An*Bn} is cauchy.
Secondly, A*B is independent of the choice of the
sequences (An) and (Bn). Let (Cn) and {D^ } be sequences
in L(S), with C — > A and D — > B. It will be shown that N ? n n
llA ,5 - C *D II — > O and hence that A*B is well defined,n* n n* n
For e > 0, there is an n(e) so that n > n(e) implies
(a) lliyi < e + IIBII
(b) IIAntl < e + UAH 
(o) M>a - Bn,i < w -
(d) HAn - Ojl < JTTTTIbhT.
Then for n > n(e),
" V Bn " W  i “ V Bn “ V V  * ,lAn*Bn '
< IIA 11 liB_ ~ DJi + UA„ - 0 I* HD /j < e and the conclusion — n n n n n n
follows.
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Note that if A, B e L then llA*Bll (, /.All ilBU since 
HA*Bll - limit HA^^B l» £ limit ilA^ I iAB^ii
-[limit HA^ I ] [limit UBjn = I/A// * IlBU. 
This together with the other obvious verifications proves 
the
Theorem (3.20): L is a Banach algebra.
Theorem (3.21): L is a convolution algebra.
Proof: If A e L, f e C(S) , and g:S — > Z is defined
by g(x) 3 A(f ), then g e C(S) since g(x) * limit A (f ) isa n x
a uniform limit of continuous functions. Further, if 
A, B e L then A*B(f) = A(g) where g(x) = B(f ), since 
An*Bn(f) = An(sn) limit An(gn) = A(g), L is a convolu­
tion algebra as in Definition (3.2).
Bach bounded multiplicative linear functional 0 on 
L(S) has a unique extension to a linear functional on L.
This extension is multiplicative by virtue of the equations 
0(A*B) = limit 9(An*Bn) = limit 0(An)0(Bn)
= limit 0(An) * limit 9(Bn) = 9(A)0(B).
From Theorem (3.17)> there is a one to one corres­
pondence between the bounded complex valued homomorphisms 
on S and the bounded linear functionals on L. Since L is 
a Banach algebra, the space of modular maximal ideals of L 
(each is the kernel of a bounded multiplicative linear 
functional) is in one to one correspondence with the bounded 
homomorphisms on S.
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Let S be commutative. Let M denote the set of all 
bounded multiplicative linear functionals on L, so M is 
compact in the weak topology [2f?]. This topology can be 
characterized by saying that a net {0^ } in M converges to
0. e M if and only if Q^CA) — > 6(A) for all A e L. Let 
® = M\{0}. Then ET is compact if no net in Sff converges 
to the zero functional.
Theorem (5.22): L(S) is semisimple if and only if
the bounded homomorphisms on S separate points of S.
Proof: If L(S) is semisimple and X, y e S such that 
f(x) = f(y) for all bounded homomorphisms f on S, then, by 
(5 .1 7 ), for any bounded multiplicative linear functional 
0 on L(S), 0(x) = 0(y) and x = y.
Conversely, if A e L(S) such that 0(A) = 0 for all 
bounded multiplicative linear functionals 0, it will be 
shown that A = 0. In the Banach algebra B of all bounded 
functions on S, the subalgebra which is the linear span of 
the bounded homomorphisms on S is dense in B by the Stone- 
Weierstrass Theorem. Therefore, A is the zero linear 
functional on B, and since C(S) B, A = 0.
It is easy to see that an element A s L(S), 
n _
A = .21 a. x. , is in the radical of L(S) if and only ifi=l i i T
n
a.f(x.) = 0 for all bounded homomorphism f defined on S.
X X
The statement ' ’L(S) is semisimple' ' means that 0 ^ A e L(S),
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n _
A 5= i5Laixi» ^  only if there is a hounded homomorphism
n
f on S such that .^ ,a. f(x. ) / 0.1*1 1 x
Theorem (5.23): If S is a commutative semigroup for
which S* separates points of S, then L a semisimple 
Banach algebra.
Proof: Since S* separates points of S, then as pre­
viously remarked, the linear space spanned by S* is a dense 
subalgebra of C(S) by the Stone-Weierstrass Theorem.
If A e L is in the radical of L then A(f) = 0 for all 
f e S*. A is then identically 0 on the linear span of S* , 
which is dense in C(S), so that A = 0. Therefore L is 
semisimple.
The converse of the above theorem is not true. The 
second corollary to the next theorem shows that if L(S) is 
semisimple, it does not necessarily follow that S* separates 
points of S.
Theorem (3.24): If S is a union of groups, then L(S)
is semisimple if and only if S is commutative.
Proof: L(S) is semisimple implies L(S) is commutative,
and hence by Theorem (3.16) S is commutative.
Assume S is commutative. It will be shown that the 
bounded homomorphisms on S separate points of S and hence, 
ky (5.22), 1(S) is semisimple.
First, consider E, the idempotent subsemigroup of S.
Let e, f e E with e 4 f; then ef = e, ef = f, or e / ef / f,
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If ef = e, then e s Sf, a compact semigroup with identity 
f. The union of all ideals in Sf not containing f is a 
prime ideal of Sf and equals Sf\H(f).
Define h:Sf — > Z "by
morphism of Sf into Z such that h(e) « 0, and h(f) = 1.
The unique extension of h to S is a bounded homomorphism 
on S which separates e and f. The case ef ® f is exactly 
the same as the above.
Assume e / ef / f, then since ef e Sf, the unique
extension S  of the function h defined above separates e
and f since 0 « E(ef) = E(e)E(f) = E(e) and E(f) = 1.
Let x, ye  S; then either there exists an e s E such
that x, y e H(e) or there exists e and f e E with e / f
such that x e H(e) and y e H(f). If x, y e H(e), then
there is a character 0 of H(e) such that 0(x) £ 0(y). The
unique extension of the bounded homomorphism
i 0(s) if s e H(e)
7i:Se — > Z defined by x(s) >= <
(jO if s e Se\H(e)
then separates x and y. If x e H(e), y e H(f), and e / f,
then there is a bounded homomorphism 0 such that 0(e) ^ 6(f)*
Now 6(x) * 0(x)0(e) and 0(y) = 0(y)9(f)» and since
0(f) = 0 or 1, it can be assumed that 0(e) = 0 and thus
0(x) = 0. However, 0(y) is not zero, for if 0(y) * 0 then
0(f) « 0(y)0(y”1) * 0 and 0 would not separate e and f.
j 1 if y e H(f)
[ 0 if y e Sf \H(f)
Then h is a bounded homo
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Corollary (3.25): If S is an idempotent semigroup
then L(S) is semisimple if and only if S is commutative.
Corollary (3.26): If S is a connected commutative
idempotent semigroup then L(S) is semisimple and S* is 
trivial, hence it does not separate points of S.
Proof: To see that S* does not separate points, note
that any homomorphism on S takes on the values 0 and 1 
only. S is connected so that the only continuous homo­
morphisms are the identically 0 and identically 1 functions.
Theorem (3.27): Let S be a finite commutative semi­
group. S* separates points of S if and only if S is the 
union of groups.
Proof: Since all bounded homomorphisms on S are con­
tinuous, L(S) is semisimple by (3.24) and S* separates 
points of S by (3.22).
Suppose S* separates points of S. Let x e S and
f e S* such that f(x) = 0. Then f(x)n = f(xn) = 0 for all
2 Nn. If S haa N elements, then [x,x , ...,x ] = A is a sub­
semigroup of S and therefore has an idempotent. The semi­
group A has only one idempotent since, if there are two, 
no element of S* can separate them. This idempotent is an 
identity for x and hence for all elements of A, since if 
yp is the idempotent and f e S* such that f(x) ^ 0, then 
f(xp) » 1, f(x) = f(x)f(xp) » f(xp+1), and x = xxp. Hence, 
A is a compact semigroup with identity and no other idem- 
potent, and hence is a group. Therefore, S is the union of
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groups, since each element belongs to a group.
Theorem (3.28): Let S and T be semigroups. L(S x T)
is semisimple if and only if L(S) and L(T) are semisimple.
Proof: Let L(S) x L(f) have the norm given by
li(A, B)ll = JIAil + HBJj. Suppose L(S) and L(T) are semisimple. 
Define G:L(S x T) — > L(S) x L(T) by G
*  ^i^iai^i’ i^iai^ i^ * Ttien G a homomorphism, since
if A a ^  B * J^b^CxTy)^, G(A*B)
n m __  __
= GC i?l d?lai V x’y)i(x’yV
n m ___  n jl ____
' < S l jiiaibaxix3* A  d^iaiba7iyd)
* ( itlai5i» * < d$Lbd V  dtlbd?d) “ G(A) * a(B)*
Now |G(A)I _< 2IIA/J , so that G is bounded and hence continu­
ous. If G(A) = G(B) then A = B, and thus G is one to one. 
If A is in the radical of L(S x T) then 0(A) = 0 for all 
bounded multiplicative linear functionals 0 on L(S x T).
Let 0-^ s 1[L(S)3 and 02 e U[L(T)]; then 0^  x ©2:L(S) 
x L(T) — > Z defined by 0^  x 0O(A, B) = 0^(A)02(B) is a 
bounded multiplicative linear functional on L(S) x L(T), 
and (01 x 02)G e M[L(S x T)]. If (ei x 02)[G(A)] » 0 and 
A = S!ai(5c7y)i, then 0 ^ 1  a.iip = 0 or 02(X - Cl­
in either case, all the are 0 since L(S) and L(T) are 
semisimple.
Conversely, if L(S x T) is semisimple, then
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(x,y), (x05y0) £ S x T implies there is a hounded homo­
morphism 0:S x T — > Z such that 0(x,y) £ 0(xoyo). Let
x, x0 e S, and fix e e E(T). Define 9^:S — > Z by
0 (x) = 0(x»e). Since 0 (ab) =» 0(ab,e) = 0(ab,ee)
v v
= 0C(a,e)(b.e)] = 0 (a)0_(b), 0_ is a homomorphism and is0 © ©
bounded. If 0a(x) = 0n(xo) then 0(xo,e) = 0(x,e); and
© ©
since there is a 0 separating (x0e) and(x,e), there is a
0 separating x and xe, and hence L(S) is semisimple. A ©
similar argument will show that L(T) is also semisimple.
Definition (3*29)'. An idempotent e e S is a maximal
idempotent if a £ S and e £ SaS implies a e SeS. Let ST be
the set of maximal idempotents of S.
Theorem (3.30): Let S be a commutative semigroup such
p
that S = S ; El is compact if and only if S has only a 
finite number of maximal idempotents.
Proof: Suppose C®^ }}1,-^ are finite number of maxi­
mal idempotents of S, If {0^ } is a net in ¥ converging to 
0, then given i, 1 { i ( m, there is a di such that d > di 
implies 9d(®^ ) =0. Let d0 > d^  for all i m; then 
9d(®i) ~ ^ :for  ^do and all i <. m. But S = SE; thus
if x £ S, 0d(5E) = 0d(5Eei) = = ^ for
Then 0^ = 0 for all d > d0, a contradiction; hence 0^ does
not converge to 0 and E is compact.
Conversely, suppose I is compact and -*-s a
denumerable set of distinct maximal idempotents in S.
Let be the union of all ideals not containing en. Dow
6 7
is a maximal proper ideal of S and S \Jn = H(en) 
[27$ Theorem 6 and Corollary 33. Define
"bounded homomorphism on S. Let 6n he the hounded multi­
plicative linear functional on L obtained by using Theorem
(3*17) • If A = i^laixi s k(S), then there is an integer k
so that r > k implies fr(x )^ * 0 fo** all i i m. Hence,
6r(A) =s 0 for all r ) k. Therefore, 9r(A) — > 0 for &H
A e L(S). If A e L then let (An) he a sequence in L(S)
with A —  > A. It will he shown that Q (A) — > O and n r
hence that M is not compact, a contradiction. Therefore,
S has only a finite number of maximal idempotents. For
e > 0, there is an n(e) so that p >_ n(e) implies
IIA - All < e, and there is a q(n(s)) so that r > q(n(e))
Jr
implies er(An(e)) “ 0* For r > q(n(s)),
Therefore, ®rCA) — ) 0 and 0^ — > 0.
Hewitt and Zuckerman [16, Theorem 7*53 have shown
potents of a commutative semigroup S, then
is an identity for L(S) and hence is an identity for L.
1 if x e H(en) 
0 if x e J
• XI
then f is an
ler(A)l i |er(A) - 0r (An(e))! ♦ \sT U n M )\
< |er(A) - er (An(-E))t i UA - An(e)ii < &
that if {e. )? is a finite collection of maximal idem-i 1=1
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There follows the
Theorem (3.31): Let S he a commutative semigroup such
2 c*that S S . If 1 is compact then L has an identity.
The preceeding theorems show that the algebra L does 
not play the same role in the theory of semigroups as the 
group algebra of a locally compact group. The primary flaw 
is that the bounded multiplicative linear functionals on L 
correspond to the bounded homomorphisms on S and not to the 
characters on S, whereas in groups the character group is 
identifiable with the space of maximal modular ideals. It 
is desirable to go back to L(S), and retopologize it so 
that the continuous homomorphisms on S correspond to the 
continuous multiplicative linear functionals on L(S), It 
should be realized that the completion of L(S) in any other 
topology does not give L back as a Banach algebra, there 
being only one norm such that L is a semisimple Banach 
algebra [25]. It then follows that the correspondence 
between the characters on S and the modular maximal ideals 
on L is not onto.
Let C(S)* be the space of all bounded multiplicative 
linear functionals on C(S). Bor f s S* and A e C(S)*T 
lA(f)| <_ HAli ilfII <, ilAll since J|fll 1. The restriction of 
the elements of C(S)* to S*<^C(S) are then bounded con­
tinuous functions on S*. The space of restrictions of 
elements of C(S)* to S* is a Hausdorff space because of the
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Lemma (3*32): Let S* be a separating family of
functions for S. If A, B e C(S)* such that f e S* implies
A(f) = B(f), then A <= B.
Proof: As remarked previously, the linear space
spanned by S* is a dense subalgebra of G(S). Since A and
B are linear functionals, they agree as each point of the
linear span of S* and hence, agree at all points of C(S).
Let B(S*) denote the set of all bounded continuous
*
functions on S* and let C(S)0 be the restrictions of the 
mappings of C(S)* to S*. Then C(S)0c:B(S*). When S* has 
the norm topology, S* is a completely regular Hausdorff 
space; and the compact open topology on B(S*) makes B(S*) 
into a complete Hausdorff linear topological space which 
is a locally m-convex topological algebra when multiplica­
tion is defined by (A * B)(f) = A(f)B(f), where A, B e B(S*)
and f e S* [28], A net {A^ } in B(S*) converges to an ele­
ment A s B(S*) if and only if for any sequence (f^CIS* 
with f — > f0 s S* and for e ) 0, there is an d(e) such
that d > d(e) implies lA^(fn) ~ A(fn)| < e for all n 0.
The elements of L(S) all belong to C(S)*. Now L(S)
*
will be considered as a subset of C(S)0ctb(S*) and given
the relative topology of B(S*), It is easy to see that 
*
G(S)0 is complete in B(S*) when S* separates points of S, 
so it will be assumed from here on that S* separates points 
of S. The algebra that will be considered is then B(S) in 
B(S*). First it is necessary to know the
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Lemma (3.33): If A, B e L(S) , then A*B(f) 
= A(f)B(f) for all f e S*.
n m
Proof: A,B(f) - (f)
ji m n m
n m
“ cS . aif(xi);i cj5Lbjf(ya):i =
Now L(S) is a subalgebra of B(S*) and its closure in 
B(S*) is a complete locally m-convex topological algebra 
[28], which is again a convolution algebra and contains 
the restriction of the elements of L to S*.
Lemma (3.34): The mapping h:S — ) L(S) defined by
h(x) = x (restricted to S*) is an isomorphism and a 
homeomorphism onto [5c: x e S] .
Proof: The mapping h is clearly a semigroup iso­
morphism* It is, therefore, sufficient to show that h 
is continuous, for S is compact and h is then a homeomor- 
phism* Let (x^ ) be a net in S with xd --> x. To show 
5cj — > 5c in L(S)", let (fn) be a sequence in S* with
f — )f©» for e > 0, there is an d(e) such that d > d(e)
implies |f0(xd) - f0(x)| < e/3; also there is an n(e)
such that n > n(e) implies f(fn - £0H < e/3. If d ) d(e) 
and n > n(e), then | xd(fn) - x(fn)| £ |xdU n) - 5cd(f0)|
- fQ(x)| + i|fG - < e* For each i <_ n(e), there is a
di(e) such that d > ^(e) implies - 5c(£^ )| < e .
+ |xd(f0) - x(f0)| + | x(f0) - x(fn)| < jjfn - f0|/ + If0(xd)
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Let dQ > [d(e) ,d^ (e) ,... , ^n(e)^e^* then d > d0 implies
I x^Cf^) - x(f )| < c for all k ) 0. Hence, xd — ■> x and 
h is continuous.
A theorem similar to Theorem (3.1?) can now he 
proved. It is
Theorem (3.35) For each continuous multiplicative 
linear functional 0 on L(S) , there is a unique f e S* such 
that 0(A) s» A(f) for all A e L(&). Conversely, each 
f s S’" defines a continuous multiplicative linear functional 
on L(S) by the above formula, and any two such are dis­
tinct.
Proof: Let 0 be a continuous multiplicative linear
functional on L(s). Define f:S — > Z by f(x) = 0(x). From
Lemma (3.34-), f(x) = 0h(x) and is a continuous homomorphism,
n _
and therefore f e S*. Let A = .21 a. x. be any element ofi=l ii
n _ n
L(S); then 0(A) = i?iai0 x^i^  = i^l51!^^!^ = A(f)* For
A e L'('S'), there is a net {A^ } in L(S) such that A^ —  > A.
Now 0 is continuous and so ®(A^) — ) 0(A); but
0(A^) = A^(f), and by the definition of convergence in
B(S*), Ad(f) — > A(f) so that 0(A) = A(f).
Conversely, for f e S* the function 0:i(S) — > Z 
defined by 0(A) = A(f) is a continuous multiplicative 
linear functional. Only the multiplicative property need 
be checked; and 0(A*B) = A*B(f) « A(f)B(f) = 0(A)0(B),
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so that the desired result is established. If f-^ , e S* 
and f^ £ f,-,, then Q-^ Cx) = ^
= 02(x) and the uniqueness is established.
Michael, in his monograph on locally m-convex topo­
logical algebras [28], has shown that if L(S) is 
metrizable, then the space of all continuous multiplicative 
linear functionals has a topology in which it is hemi-com- 
pact. This topology could then be transported to S* by 
use of the above theorem. However, little is known about 
hemi-compact spaces and a weakness of the algebra L('S) 
should be noted. The space of maximal modular ideals of 
a Banach algebra is compact and the character group of a 
locally compact commutative group is again a locally com­
pact group. It would be interesting to know if S* is 
locally compact in some convenient topology.
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